This short survey article reviews our current state of understanding of the structure of noetherian Hopf algebras. The focus is on homological properties. A number of open problems are listed.
Introduction
For the first 30 years after Hopf algebras were defined by H. Hopf around 1940 the theory developed quite slowly. The publication of Sweedler's monograph [30] in 1969 quickened the pace, so that understanding of the finite dimensional case in particular grew considerably in the 1970s. But the tectonic plates really shifted with the discovery of quantum groups [7] , [12] in the early 1980s, and the years since then have witnessed a massive expansion in both the range of known examples and of our understanding of them.
Many of these new examples of the past 25 years have been noetherian algebras, so it makes sense to ask what features noetherian Hopf algebras hold in common, and which aspects of the finite dimensional theory extend to infinite dimensional noetherian 2000 
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Hopf algebras. (We remark in passing that artinian Hopf algebras give us nothing new, since every artinian Hopf algebra is finite dimensional [18] .) Such an investigation was proposed in the survey article [2] , presented at an AMS meeting in Seattle in 1997. The purpose of the present article is to review what has happened since then: there have indeed been some interesting and beautiful developments. As well as describing some of these, I will list a number of questions which may help to stimulate research on noetherian Hopf algebras over the next decade.
Definition and examples
All the algebras in this paper will be defined over a field k which for convenience we shall always assume to be algebraically closed. To say that an algebra A is affine means that A is finitely generated as an algebra. A Hopf algebra H is an associative k−algebra with a unit element, which is also equipped with (a) a counit ; that is, an algebra homomorphism ε : H −→ k; (b) a comultiplication; that is, an algebra homomorphism ∆ :
we write using the Sweedler notation:
(c) an antipode; that is, an algebra antihomomorphism
This apparatus is required to satisfy a number of axioms (essentially the duals of the axioms for a group). We won't list these here as they can be found in all the standard references, for example in [23] , [26] , [30] . In addition, we'll assume 2 throughout that the antipode S is bijective.
This hypothesis may in fact be vacuous -see (7.2) for a discussion. We'll usually assume also that our Hopf algebras H are left noetherian -that is, all their left ideals are finitely generated. Thanks to the antiautomorphism of H gauranteed by (2.0.1), this is equivalent to H being right noetherian.
Recall that H is said to be cocommutative if
In the list of examples below we shall first review the most important classes of 1 An antihomomorphism is an algebra homomorphism from H to H op . 2 By no means all results stated here require this hypothesis, but we won't complicate matters by discussing details.
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cocommutative Hopf algebras (Exs. 1 and 2); then discuss the noetherian commutative Hopf algebras (Exs. 3) ; and then consider some classes of noetherian Hopf algebras which may be neither cocommutative nor commutative (Exs. 4-6).
Examples
1. Group algebras. For any group G, the group algebra H = kG is a Hopf algebra, 
to see that if kT is any noetherian group algebra then T satisfies the ascending chain condition on subgroups, but more than 50 years after Hall proved his theorem it's still not known if T has to be polycyclic-by-finite. So we ask:
Question A: Let kG be a noetherian group algebra. Is G polycyclic-by-finite?
2. Enveloping algebras. Let g be a k−Lie algebra. Then the enveloping algebra
By (the proof of) the Poincaré-Birkhoff-Witt theorem, U(g) is a filtered algebra whose associated graded algebra is a commutative polynomial algebra in dim k (g) indeterminates. 
And by a theorem of Molnar [22] , a commutative Hopf algebra is affine if and only if it is noetherian.
In contrast to the above examples, quantum groups are neither commutative nor cocommutative. Speaking crudely, these split into two families, 4(i) and 4(ii) below, which are, respectively, deformations of some of the algebras in Examples 2 and Examples 3. There are many references where details of the definitions and basic properties of these algebras in Examples 4 can be found -see, for example, [11] , [13] , [4] . For H in either of the above classes, there is a fundamental dichotomy determined by the value of the deformation parameter q: namely, H is a finite module over its centre (2.1.1)
if and only if q is a root of 1 in k.
Hopf algebras satisfying a polynomial identity.
For the definition of a ring satisfying a polynomial identity, see for example [21] . The dichotomy (2.1.1) just identified for quantum groups can be examined for the other example classes listed above. Thus a group algebra kG is a noetherian polynomial identity algebra if and only if G is a finitely generated abelian-by-finite group [24, Corollaries 5.3.8, 5.3.10] . And the enveloping algebra U(g) of a finite dimensional Lie algebra g satisfies a polynomial identity if and only if g is abelian or k has positive characteristic [16] , [41] . Prompted by this rather weak evidence, we ask (i) below:
Question C: (i) Suppose that H is a semiprime noetherian Hopf algebra satisfying a polynomial identity. Is H a finite module over its centre?
(ii) (Wu, Zhang, [36] ) Let H be a noetherian Hopf algebra satisfying a polynomial identity. Is H affine? (iii) Let H be an affine Hopf algebra satisfying a polynomial identity. Is H noetherian?
Molnar's characterisation [22] of commutative noetherian Hopf algebras gives some support to (ii) and (iii). In [2, Question B] I asked whether every affine noetherian PI Hopf algebra was a finite module over a commutative normal sub-Hopf algebra. (For the meaning of normal here, see [23, Definition 3.4.1] .) It was noted by Gelaki and Letzter in [9] that this is not the case, but their example does not rule out the following refinement: Question D: Suppose that H is an affine noetherian Hopf algebra satisfying a polynomial identity. Is H a finite module over a commutative normal right co-ideal subalgebra?
This is true for all the PI algebras in the classes 1, 2 and 4.
We introduce the following class primarily so as to include factor Hopf algebras of Examples 4(ii):
6. Filtered algebras. Let H be a Hopf k−algebra. We'll say that H is normally
with H i H j ⊆ H i+j for all i, j, such that the associated graded algebra gr(H) is connected graded noetherian, and so that every graded prime factor ring of gr(H) is either k, or contains a homogeneous normal element of positive degree.
Motivation: finite dimensional Hopf algebras
In the subsequent sections we'll consider generalisations of the classical facts about finite dimensional Hopf algebras which we recall in (3.1) and (3.2).
Frobenius algebras
Recall that a finite dimensional algebra A is a Frobenius algebra if it admits a bilinear Theorem. (Larson, Sweedler, [15] ) Let H be a finite dimensional Hopf algebra. Then H is a Frobenius algebra.
Integrals
The Here, "size" means the Gelfand-Kirillov dimension, GKdim(−), or Krull dimension (which are equal for a commutative affine algebra). The Gelfand-Kirillov dimension of an affine algebra A is a measure of its rate of growth; it has many attractive properties, [14] , but unfortunately is often infinite. Krull dimension, on the other hand, is always defined for a noetherian algebra, but its use often involves difficult technical problems. In any case, it seems that the correct way to impose the relevant "size" constraints in a noncommutative setting may be to demand more stringent homological conditions than simply having finite injective dimension. The relevant definitions are introduced in the next paragraph.
Homological definitions
Useful sources for the basic facts concerning the following ideas are [1] , [3] , [17] . A simple but key point to appreciate when considering (b) and (f) is that, for say a left A−module M , Ext These definitions are closely connected, at least for noetherian Hopf algebras: At the time of writing, the answer is "yes" for all known noetherian Hopf algebras.
Lemma. ([5, Lemma 6.1]) Let H be a noetherian Hopf k−algebra. If H is AuslanderGorenstein and Cohen-Macaulay, then H is AS−Gorenstein.

Injective dimension of Hopf algebras
In particular, the algebras listed in (2.1) are all AS−Gorenstein. Detailed proofs for classes 1, 2 and 4(i) can be found in [5, §6] ; see [10] for class 4(ii). The proof for class (2.1)6 given in [19] is different in flavour; we discuss it briefly in Remark 5(b). The most striking of these positive cases for Question E is class (2.1)5, affine noetherian Hopf algebras satisfying a polynomial identity -the result is a theorem of Wu and Zhang which is both beautiful and technical. In fact, at least formally, they prove a bit more:
Theorem. (Wu, Zhang [36]) Every affine noetherian Hopf algebra satisfying a polynomial identity is Auslander-Gorenstein and Cohen-Macaulay.
To illustrate the power of these homological properties we state a sample nonhomological corollary, the second (much deeper) part of which follows from the theorem together with results of Stafford and Zhang [29] :
Corollary. Let H be as in the theorem.
(a) [36, Theorem 0.2(2)] H has a quasi-Frobenius (artinian) ring of fractions. (b) Suppose that H has finite global dimension. Then H is a finite direct sum of prime
rings, and is a finite module over its centre.
Integrals of Hopf algebras
While it is perhaps not so surprising that finiteness of the injective dimension should generalise from artinian to noetherian Hopf algebras, it was very surprising -to me at least -that the idea of the integral should do so also. Let ε k denote the trivial left 
The Nakayama automorphism
As we saw in (3.1), if A is any Frobenius algebra (for example a finite dimensional Hopf algebra) then A * is isomorphic to A as left and as right A−module. But in general this
is not an isomorphism of bimodules: in fact the correction is provided by twisting the module on one side by a suitable algebra automorphism Recall that if H is any Hopf algebra (not necessarily finite dimensional) and π : H −→ k is an algebra epimorphism, the left winding automorphism τ l π is the algebra automorphism
The right winding automorphism τ 
Dualizing complexes
Theorem 4.4 generalises in a natural way to AS-Gorenstein Hopf algebras, provided we work in the derived category, in particular using concepts developed by Yekutieli [39] and Van den Bergh [33] . Recall that if A is a noetherian algebra, a bounded complex When such a complex R exists it is unique, and RHom A (−, R) defines a duality -that is, a contravariant equivalence -between the bounded derived categories of left and right A−modules. For example, if A is any finite dimensional algebra then R A exists and is A * . So if A is a Frobenius algebra,
If Naturally, we should ask the following question, which is probably closely related to Question E: Question F: Does every noetherian Hopf algebra have a rigid dualizing complex?
Remarks. (a) It follows from the above that the Nakayama automorphism and the integrals are crucial to the two-sided structure of AS-Gorenstein Hopf algebras. The calculation of these entities for classes (2.1)1, 2 and 4 is not difficult and has been carried out in [5, §6] .
(b) The treatment [19] of the normally N−filtered Hopf algebras of (2.1)6 is the reverse of that given here. Namely, one shows first that such an H has a rigid dualizing complex satisfying a rather natural additional property, and then deduces from this that H is AS-Gorenstein. As this indicates, it seems that Questions E and F are closely related. 
Applications
Bijectivity of the antipode
Recall that we've assumed throughout that our Hopf algebras have a bijective antipode (2.0.1). Examples of Takeuchi [31] show that this hypothesis fails in general. However no example is known of a noetherian Hopf algebra whose antipode is not bijective, and we have the following theorem and final question:
Theorem. (Skryabin, [27] ) If H is a noetherian Hopf algebra which is either semiprime or affine with a polynomial identity, then its antipode is bijective.
Question L: (Skryabin) Let H be a noetherian Hopf algebra. Is the antipode S bijective?
